Ground State Energy Calculations of the v = 1/2 and the v = 5/2 FQHE System 
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We reconsider energy calculations of the spin polarized v = 1/2 Chern-Simons theory. We show 
that one has to be careful in the definition of the Chern-Simons path integral in order to avoid an 
IR divergent magnetic ground state energy in RPA as inlij. We correct the path integral and get 
a well behaved magnetic energy by considering the energy of the maximal divergent graphs as well 
as the Hartree-Fock graphs. Furthermore, we consider the v = 1/2 and the v = 5/2 system with 
spin degrees of freedom. In doing this we formulate a Chern-Simons theory of the v — 5/2 system 
by transforming the interaction operator to the next lower Landau level. We calculate the Coulomb 
energy of the spin polarized as well as the spin unpolarized v = 1/2 and the v = 5/2 system as a 
function of the interaction strength in RPA. These energies are in good agreement with numerical 
simulations of interacting electrons in the first as well as in the second Landau level. Furthermore, we 
calculate the compressibility, the effective mass and the excitations of the spin polarized v = 2 + 1/0 
systems where 4> is an even number. 
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I. INTRODUCTION 

The combination of an electronic interaction and a 
strong magnetic field in a two-dimensional electron sys- 
tem yields a rich variety of phases. These are best clas- 
sified by the filling factor v, which is the electron den- 
sity divided by the density of a completely filled Lan- 
dau level. In this work we mainly consider energy cal- 
culations on systems with filling factors v = 1/2 and 
v = 5/2. These system are most suitably described by 
the Chern-Simons theory. In solid state physics this the- 
ory is mainly used in the fields of the fractional quantum 
Hall effect and high temperature superconductivity. The 
applications of the Chern-Simons theory in the field of 
high-tempetature superconductivity is based on a work 
of Polyakom Since the discovery of the fractional quaiu 
turn Hall effect by Tsui, Stormer and Gossard (1982)El 
there were many attempts to explain this experimental 
observation. The current Chern-Simons type theories of 
this effect are mainly based on a work of Jain (1989)11 
In his theory he mapped the wave functions of the in- 
teger quantum Hall effect to wave functions of the frac- 
tional quantum Hall effect. In the case of filling fraction 
v = 1/2 every electron gets two magnetic flux quantums 
through this mapping. By this transformation one gets 
new quasi-particles (composite fermions) which do not 
see any magnetic field in first approximation (mean field). 
A field theoretical language for this scenario was,first es- 
tablished by Halperin, Lee, Read (HLR) (1992)ca as well 
as Kalmeyer and Zhang (1992)0 for the v = 1/2 sys- 
tem. The interpretation of many experiments supports 
this composite fermion picture. We mention transport 
experiments- with quantum (anti-) dotsa, and focusing 
experiments] here. An overview of further experiments 
can be found intl 

HLR studied many physical quantities within the 



random-phase approximation (RPA). Most prominent 
among these is the effective mass of the composite 
fermioiiSi-. which they found to diverge at the Fermi 
surfacecm. Recently, Shankar and Murthyo proposed a 
new theory of the v = 1/2 system. Based upon a trans- 
formation of the Chern-Simons Hamiltonian one achieves 
a separation of the magneto-plasmon oscillators from the 
total interaction of the system. After restricting the num- 
ber of the magneto-plasmon oscillators to the number 
of electrons they got a finite quasi-particle mass which 
scales with the inverse of the strength of the Coulomb re- 
pulsion. In this derivation they calculate a smaller num- 
ber of self energy Fey-pman graphs than in the RPA. Just 
recently Stern et al.liil calculated the self energy Feynman 
graphs for the theory of Shankar and Murthy in RPA and 
got the same divergence of the effective mass as HLR. Be- 
sides the theory of Shankar and Murthy there are other 
alternate formulations of the composite fermionic pic- 
ture wfcict are formulated entirely in the lowest Landau 
LeveMM 

In the following we will use mainly the Chern-Simons 
theory of HLR to calculate ground state energies of the 
v = 1/2 and the v = 5/2 system. To get composite 
fermions one has to transform the electronic wave func- 
tion with a rather singular transformation. Due to this 
transformation one gets a density-density interaction of 
the form ~ 1/fc 2 for small wave vectors. Because of this 
singular interaction the singular diagrams in leading or- 
der should be resummcd. These diagrams are well known 
as the RPA in the jellium problem in d = 3. We have 
shown in an earlier publication^ that despite of resum- 
ming these singular diagrams one gets an IR-divergence 
in the canonical potential of the v = 1/2 system in RPA 
due to the ~ 1/fc 2 interaction. Thereby we used the 
Chern-Simons path integral of HLR for the resummation 
of the diagrams. We obtained further that the Coulomb 
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part of the energy is finite and in good agreement with 
the Coulomb energy of numerical simulations of inter- 
acting electrons, in the lowest Landajj level by Morf and 
d'Ambrumcnilo as well as GirlicbEJ. We, have to men- 
tion that C. Conti and T. Chakrabortyc£l got an excel- 
lent agreement with the numerical results by calculatiaa 
the Coulomb energy with the help of the STLS theorycll 
which is a generalisation of the RPA theory. In the fol- 
lowing it is shown that we obtained an IR divergence of 
the magnetic energy in our earlier work because the nor- 
mal ordering of the Chern-Simons Hamiltonian was not 
pEoperly taken into account in the path integral of HLR. 
Inlia we correct this error with the help of an intermedi- 
ate time technique in the path integral and a change of 
the coupling between the fermion fields and the bosonic 
fields. One can show that this path integral has a finite 
energy in the RPA. Details of the analysis of the RPA 
for this path integral will be published elsewhere. In the 
case of the Coulomb gas, the Hartree-Fock staphs belong 
to the maximal divergent Feynman graphsliij. This is no 
longer valid for the Chern-Simons theory. For this theory 
we will get a finite energy for the spin polarized v = 1/2 
system by calculating the energy of all Feynman-graphs 
which belong either to the Hartree-Fock graphs or to the 
maximal divergent graphs (for a given number of interac- 
tion vertices). With the help of this principle one gets a 
well-suited finite approximation of the magnetic energy. 
Furthermore, we get the same Coulomb energy as intil 
In the second part of this work we will calculate the 
Coulomb energy of the v — 1/2 and the v = 5/2 sys- 
tem including the spin degree of freedom. The v = 5/2 
system is of theoretical interest because it consists of one 
Landau level filled with spin up and spin down electrons. 
Like in the v = 1/2 system the second Landau level is 
half filled with electrons. So the v — 5/2 system should 
have similar physical properties as the v = 1/2 system. 
Aa-a matter of fact this is not the case. Eisenstein et 
al.E3 were able to show with the help of tilted field ex- 
periments that the ground state of the v = 5/2 system 
is spin unpolarized and incompressible. This is differ- 
ent to the ground state of the v = 1/2 system, which is 
spin polarized and compressible. Numerical simulations 
of the [grpund state of the v — 1/2 and the v = 5/2 
systemMEa show that one gets a transition from a spin 
unpolarized ground state to a spin polarized ground state 
depending on the strength of the interaction between the 
electrons. For calculating this transition with perturba- 
tional methods we will construct a Chern-Simons theory 
of the v = 2 + 1/0 systems where is an even number 
by transforming the Coulomb interaction of the second 
Landau level to the first Landau level. By neglecting the 
lowest Landau level, the v = 5/2 system behaves like 
a v = 1/2 system with an altered interaction potential. 
Because of this we can calculate the Coulomb part of 
the energy of the v = 5/2 system within the RPA for- 
malism of the v — 1/2 system. It will be shown that 
one gets a transition from a spin polarized to a spin un- 
polarized ground state for the v = 1/2 system as well 



as for the v = 5/2 system depending on the interaction 
strength. This transition is-ip-jqualitative agreement with 
the numerical simulationsBE-l Furthermore^ we will use 
the Chern-Simons theory of the v = 2 + 1/0 systems to 
calculate the compressibility, the effective mass and the 
excitations. 

As mentioned above we will treat the energy problem of 
the v = 1/2 and the v = 5/2 Chern-Simons system in 
RPA. The use of this approximation is motivated by the 
similarity of the interaction potentials of these two sys- 
tems to the one of the d — 3 jellium problem. It is well 
known that for the latter a perturbational calculation of 
the ground state energy results in a good approximation 
especially for small densities (which is a small parameter 
in this theory). Such a small parameter is not existent 
in the v = 1/2 Chern-Simons theory. Until now it is not 
clear wether the RPA calculations of the ground state 
energy in Chern-Simons theories are in agreement with 
the experiments. One aim of this paper is to make one 
step further to a positive answer to this question. 

The paper is organized as follows: In section II we re- 
consider the polarized v = 1/2 system with the help of 
a path integral which takes the normal ordering of the 
Chern-Simons Hamiltonian into account. We calculate 
the energy of the maximal divergent graphs together with 
the Hartree-Fock Feynman graphs of the Chern-Simons 
Hamiltonian. In section III we formulate the RPA the- 
ory of the v = 1/2 Chern-Simons theory subjected to 
a spin constraint. In section IV we formulate a Chern- 
Simons theory of the v = 2 + 1/0 systems and calculate 
the compressibility, the effective mass and the excitations 
in RPA. In section V we calculate the Coulomb ground 
state energy of the spin polarized as well as the spin un- 
polarized v = 1/2 and v = 5/2 systems. 



II. THE GROUND STATE ENERGY OF THE 
SPIN POLARIZED v = 1/2 SYSTEM 

In this section we consider interacting spin polarized 
electrons moving in two dimension in a strong magnetic 
field B directed in the positive z-direction of the system. 
The electronic density of the system is chosen such that 
the lowest Landau level of a non-interacting system is 
filled to a fraction v = 1/0 where is an even num- 
ber. We are mainly interested in ^2. After perform- 
ing a Chern-Simons transformationc3 of the electronic 
wave function one gets the Hamiltonian of the composite 
fcrmions as: 
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iW + A + acs)^(r) 
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The Chern-Simons operator acs is defined by acsif) = 
J d 2 r' f(r - r')*+(r ')^{r '). Here *+(f) creates (and 
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*f?(r) annihilates) a composite fermion with coordinate 
r. V ee (r) = e 2 /r is the Coulomb interaction where 
e 2 = q 2 /e. q e is the charge of the electrons and e is 
the dielectric constant of the background field ps- A(r) 
is the vector potential A = 1/2B x f and B is a homo- 
geneous magnetic field in z-direction B = Be z where e z 
is the unit vector in z-direction. We suppose through- 
out this paper that B is a positive number. The func- 
tion /(f) is given by /(f) = — e z x r/r 2 . We used the 
convention h = 1 and c = 1 in the above formula (Q). 
Furthermore, we set q e = 1 for the coupling of the mag- 
netic potential to the electrons. It is well known, that the 
partition function of the Hamiltonian (|l]) can be written 
in an operator formalismcl with the help of the bosonic 
Chern-Simons fields (a°(r,t),a(r,t)). This is shown in 
the first quantized path integral language. Using stan- 
dard methodsEH we can transform this partition function 
to a path integral. This path integral is written as 
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Z 1/2 = Urn _ JJ / V[al cL h ai] T>[*t, */] 

N 1/2 f = \ J BC 

xexp[-e(L/ + L C s,i+ L ee ^+ L° eel )] . 
The various functions in (|2|) are given by 

U = J d 2 r *f(f)~ (^(f) - *!_i(f)) 

-*f (0 (m + (l + |a°(f)) a°(f)) ^(f) 
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d 2 rdV a/(r) U ee (|r - r'\) m(r') , (6) 
together with the norm 



n 1/2 = n / a ii ex p h + i° e ,o] • 

(7) 

The path integral (||) is correct under the gauge condi- 
tion V • ai = 0. is a imaginary field, ai and <7; are 
real fields. The time slices e are defined as e = j3/Ni. 
The index ^ counts the discrete time slices. Furthermore, 
we have anti-periodic boundary conditions ^n, = — 
for the Grassmann ficldsEZl. The action of the path inte- 
gral (g) is given by a fermionic term Li, a bosonic term 
Lcs of the Chern-Simons form, and two Coulomb inter- 
action terms L ee j , L° ee l . In comparison to the Chern- 
Simons path integral of HLRcl which was used in our 



earlier publication^! we get an additional term propor- 
tional to eaf{r) 2 in L/ (|3|). This term is mainly due to 
the normal-orderingof the 'J 6 term in the Chern-Simons 
Hamiltonian Hqs (|l|). This is most easily seen by in- 
tegrating the path integral (^) over the Chern-Simons 
fields. Due to the additive term one can not perform the 
formal limit e — * in @. This limit has to be taken 
in every additive term after integration over the Chern- 
Simons and fermionic fields. Furthermore, we have to re- 
mark, that we treat the same formalism as above in orde r 
to derive the path integral of Shankar and MurthyHtil. 
There we get-no additional term in comparison to their 
path integraEj. 

In the following we integrate (|J) over the fermionic fields. 
Using a mean field expansion of the result up to the sec- 
ond order in the bosonic fields one gets after integration 
for the grand-canonical potential Q = Slo + ^rpa- is 
the grand-canonical potential of the Coulomb-free elec- 
tron gas. We now split S1 RPA into a variety of tesms for 
which one can take the limit e — * rather easilytj. 
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The expression fi/j corresponds to the RPA graphs which 
do not belong to the Hartree-Fock graphs. F ee +F CS are 
the Coulomb and Chern-Simons Fock diagrams. H are 
the Hartree diagrams. We will see below that the Hartree 
term is due to the normal ordering of the \l/ 6 -term in (Q). 
For temperature T = 0, Q r is given by 
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log(l + CS(<?,w) +EM(g,w)) 
-CSi(g,o;)-EM(g,w) . (9) 
The functions CS, CSi and EM are defined as 

(10) 

(11) 
(12) 



EM is the Coulomb term and CS is the Chern- 
Simons term of the RPA formula. The second and 
third summands EM and CS% in (^|) are given by 
the first order graphs of the RPA which have to be 
subtracted for.-kreating equal time Green's function in 
the right waytJ. The density-density response func- 
tion n a o a o (q, uj, p) and the transversal curr ent- current 
response function II aa (q,u>,p) are given in (A2) of ap- 
pendix A. The Hartree-Fock terms of Q RPA are given by 



CS = 


-(2tt0 


) 2 -jn a o Q o 




CSi = 


-(2tt0 


IS 11 " " 


2?r 


EM = 


~e z — 

q 


n a o a ° ■ 





d 2 q\ 
q 2 



F xx = 



2 (2tt) 3 



(13) 
(14) 



3 



x I d 2 kd 2 qn F (k,p)n F {q,p)V xx (\k - q\) 



in our approximation of the energy. Thus we get from 



The function n F {q, p) is the fermion occupation factor for 
the chemical potential p. The vertices V xx are defined 
by 



V ee (q) 



q 



(15) 



Here V ee is the Coulomb vertex. V cs is the Chern- 
Simons vertex ~ 1/q 2 mentioned in the introduction. 
Comparing f2 RPA with the analogous expression iixJ the 
only difference between the two expressions is the Hartree 
term H in ( p~3| ) , which corresponds to a Hartree Feynman 
graph of Hcs (Q) resulting ff©p the normal ordering of 
the * 6 term. It is shown inlij, that £l RPA - NO is IR- 
divergent. This is based on the IR-divergence in F cs . 
The additive term-H shifts this IR-divergent grand canon- 
ical potential inE_3 to an UV-divergent grand canonical 
potential Q RPA . As mentioned above F cs and H belong 
to the Hartree-Fock Feynman graphs of Hcs- Therefore, 
if we calculate the energy of all Hartree-Fock Feynman 
graphs in addition to we will get a finite energy be- 
cause the Hartree-Fock energy of Hcs (|l|) has to be fi- 
nite. Furthermore, it is easily seen that corresponds 
to the maximal divergent graphs for a given number of 
vertices. To get a good approximation of the energy we 
take into account in the following the maximal diver- 
gent graphs (per number of vertices) together with the 
Hartree-Fock graphs. As mentioned in the introduction 
this energy principle is also used for a calculation of the 
ground state energy of the Coulomb gas by many authors 
(e.g.EJj). In order to calculate that energy we have to de- 
termine at fkat the Hartree-Fock energy of Hcs- Sitko 
calculated incJ the Hartree-Fock energy of the magnetic 
part of Hcs- The Coulomb part of the Hartree-Fock 
energy consists only of F ee (p"4|). This integral is easily 
evaluated yielding 
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(16) 



for the Hartree-Fock energy of the Chern-Simons Hamil- 
tonian Hcs- The first term in (16) is the kinetic energy 
of the composite fermions. For the v = 1/2 system we 
have to insert <f> = 2 into Uh f ■ Doing this we obtain two 
times the value of the exact magnetic energy for Uhf 
G" = (»/m). 

With the help of an e 2 -expansion of flu in @) we can cal- 
culate the coefficients of the expansion for the v = 1/2 
system numerically: 
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-0.19 m a* 2 - 0.038 e 2 m2 M 2 + 0( e 4 ) 



(17) 



The elctron density p is given by a* = PI '(27rm)._This 
can be motivated by the Luttinger-Ward theoremE2l un- 
der the consideration that there are no anomalous graphs 
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for the energy density C/ Th = Uhf + of the v = 1/2 
system. It is evident by the selection principle of the cal- 
culated Feynman graphs rthat the Coulomb energy part 
in £/ Th is the same as inll3. To compare our perturba- 
tive result for the energy with the energy obtained by 
other methods we have written down in [/ Num the exact 
magnetic energy and the Coulomb energy obtained by 
numerical diagonalization techniques. This Coulomb en- 
ergy was calculated by Morf and d'Ambrumeni£9 as well 
as Girlichcil by diagonalization of the Coulomb part of 
the Hamiltonian for electrons on a sphere in the lowest 
Landau level. One sees that perturbational and the nu- 
merical calculated energies are in satisfactory agreement. 



III. THE COULOMB ENERGY OF THE v = 1/2 
SYSTEM INCLUDING CONSTRAINTS ON THE 
TOTAL SPIN 

In the v — 1/2 as in the v = 5/2 system appears 
an interesting phase transition from a spin unpolarized 
ground state to a spin polarized ground state by modi- 
fying the interaction strength between the electrons. In 
the next few sections we will see, that this physical phe- 
nomenon already exists on the level of the RPA of the 
Chern-Simons theory To show this we have to add a 
spin constraint variable into the Chern-Simons path in- 
tegral. Without this spin-constraint variable the v =1/2 
Chern-Simons path integral is written as in (|^) with a 
doubling of the fermionic Grassmann fields representing 
the spin-up and spin-down freedom of the electrons. In 
the following we denote by c^(r), (c^(r)) the creation 
operator of one composite fermion at point r with spin 
up (spin down). Cf(r), (c|(r)) annihilates one composite 
fermion with spin up (spin down) at point r. 
The total spin in the xy-plane is given by 

Si + S 2 y = J d 2 r Qc+(f) c T (f) + ~c+(r) q(r) ) + S 2 Mad , 

d 2 r d 2 r' c+ (r) c+ (f) c L (r) c T (f) . (18) 

Furthermore, we define from Hcs (JlJ) a new spin con- 
straint Chern-Simons Hamiltonian H cs by H cs = 
Hcs-PsSi^. We will fix the total spin S 2 = Sl+S 2 +S 2 
by the constraint such that S 2 is minimal for a given S z . 
This is the case if S 2 = \S Z \ (\S X \ + 1). One can get this 
constraint on S 2 by differentiating — l//31og(Z s ) with re- 
spect to p s . Thereby we denote the partition function of 
H cs by Z s . Thus we get the following conditions on the 
partition function Z s 
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\og{Z°) = (\N\) 
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log(Z s ) = (\S Z \) 



1 d 
13 d[i s 



\og(Z s 



1 J_ _9_ 

+ 1(1^1)1 



(19) 



The symbol (| • |) is the expectation value in the Gibb's 
state of the Hamiltonian H^ s . N is the particle number 
operator N = J d 2 r (r)c-|-(r) + c^(r)ci(r). /if and /ij 
are the chemical potentials of the system representing the 
spin-up and spin-down electrons. Furthermore, we have 
to mention that one has to be careful in using equation 
(|l9|). This is because the first term on the right hand 
side of equation ( pj| ) equals to (|<S^|) — (l^zl) 2 for a finite 
system. This is no longer the case for an infinite system 
(an example is the kinetic Hamiltonian). Thus one has to 
differentiate first for a finite system and afterwards take 
the limit to an infinite system. We are now able to write 
down the v = 1/2 Chern-Simons path integral. Using the 
Hubbard-Stratonovich decoupling of the fermionic fields 
in the operator S^ od we get 

i Nl r 

Z s 1/2 = lim -j- H / V[al auauatYD^c^] (20) 

iV l/2 ;=i"' BC 

x exp [-e (L? + L St i + L ee; i + L ec j + L C s,l + £° ;)] 
with the help of 

L '= E f d 2 r cUr)- (c K j(r) - c K j^) 

( M « + (l + \a%rj) a°(r)) c^r) 

+<i(*0i f-^V + l(r) +a / (r)) 2 c K ,_ 1 (r), (21) 
2m V / 
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= -T J WWW 

and the normalizing factor 

AT, 



(25) 
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: exp [-e {L CS ,i + L° + L°,)] . (26) 



The terms L 8> i, L° s l in ( pp[ ) are given by the Hubbard- 
Stratonovich decoupling of the spin term 5' 2 od . After 



integrating in (|20j) over the fermionic fields we get the 
following mean-field equations for the bosonic fields 



V x di = (2nq 

<7l =0 
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(27) 



The mean- field Green's function is given by G s {q,u) = 
(-l/(iw - q 2 /(2m) + m),-l/(w - q 2 /(2m) + fH )). In- 
tegrating this mean-field expansion to second order of 
the bosonic fields we get for the grand canonical po- 
tential = fig + H* PA . Oq is the grand canonical 
potential for a spin dependent electron gas without in- 
teraction. As we do not have any anomalous graphs, 
we want to make use of the Luttinger-Ward theoremEl 
This theorem states that a good approximation is ob- 
tained for jUf , Hi if one uses m(/X| + /ij)/(27r) = p and 
m(/Xf — hi)/(4tt) = (\S Z \)/F. F is the area of the sys- 
tem. As a function of /if, fj,±, the expectation value 
(| 5*2!) behaves like a step function for a finite system. 
Because the first term on the right hand side of equa- 
tion @ is -1/(2/3) (d/d^ - d/dfii) (\S Z \) we observe 
that this term is zero. Because fio does not depend on 
fx s , it can not fulfill the spin constraint equation (|lS|). 
On the other hand it is clear that the ground state of 
the mean-field Hamiltonian fulfills the spin constraint 
(\S 2 \) = \(S Z )\(\(S Z )\ + 1). For this reason fl together 
with the grand canonical potential of the exchange graph 
of S^od (P§) fulfills the spin constraint equation (nw (The 
exchange graph is a part of ^r PA ). Furthermore, we have 
to mention that the exchange part of S 12 od is the only part 
of f2p PA which is linear in /i s . Thus the spin constraint 
equation ( |l9| ) is fulfilled for fi s = 0. In the following we 
denote H(q, to, jtXf) +H(q, £*;, by H d (q, u>, /if, //J. II are 
the diverse response functions of appendix A. After some 
transformations and an expansion in e 2 we get with the 
help of the functions 
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the e 2 -part of the grand-canonical f2* , 2 as 
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(l + CS s (g,u;)) 
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(31) 

-l)EMi /a (g,w). 



After developing the Chern-Simons theory of the v = 5/2 
system in the next section, we will calculate m sec ~ 
tion V numerically. 
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IV. THE CHERN-SIMONS THEORY OF THE 
v = 5/2 SYSTEM 

The v — 5/2 system consists of one lowest Landau level 
filled by spin up and spin down electrons. The second 
Landau level is half filled. After performing the Chern- 
Simons transformation of the Hamiltonian of this system 
one does not get a mean field free theory as in the case 
of the v — 1/2 system. It is clear that the filled low- 
est Landau level of the v = 5/2 system should not have 
much relevance for the physical properties. Thus we will 
consider the v = 5/2 system as a v = 1/2 system with a 
modified interaction potential between the electrons. If 
we define an isometric transformation which transforms 
a wave function of a higher Landau level to the next 
lower Landau level then the calculation of the Coulomb 
energy in the second Landau level corresponds to the cal- 
culation of the energy of the first Landau level with the 
transformed interaction potential of the electrons. If one 
calculates the Coulomb energy by perturbational meth- 
ods then this transformation should not change the wave 
function too much. We will develop in the following an 
isometric transformation which leaves the center of mass 
of the wave function invariant. 

The ladder operators between Landau levels are defined 
with the help of the operators II| = — id x + A x and 

Ul = -idy 



Ay by 



It is easily seen from equation (|36j) that the n-th term in 
P transforms a wave function which belongs to the n-th 
lowest Landau level to zero. The higher order terms in 
P are motivated by the different normalization factors of 
the individual Landau levels in equation (|33|). We ob- 
serve from the equations (^) and ( j3~4| ) that the operator 
P leaves the center of mass coordinate of one Landau 
level function invariant. 

We will use this operator P for transforming the Coulomb 
interaction to one lower Landau level. Almost all publica- 
tions carrying out ground state energy calculations of the 
v = 1/2 and the v = 5/2 system by numerical .methods 
do not take into account Landau level splittingt9c5Ej. In 
these calculations one diagonalizes the Coulomb interac- 
tion operator in the second Landau level in the case of 
the v = 5/2 system. It is easily seen from perturbation 
theory that this energy is given by the e 2 -term of the 
Coulomb energy. Because we want to compare the en- 
ergy given by perturbational calculations and numerical 
calculations we can neglect the higher order 1/B terms 
in P under the condition of calculating the Coulomb en- 
ergy to order e 2 . So we get for the isometric partially 
transformed Coulomb interaction operator 



Vf/ e 2 = e^ 



(2B) 



^-r [ d 2 rd 2 r' Tl L ^ + (r)U L ^ + (f^ 
B) J 



n 



L — 



n; 



ml 



(32) 



r — r 



-n+*(f')n+*(r). (37) 



The ladder operators act on a wave function belonging 
to the n-th Landau level as follows 



n+|n, g > = y/2B{n + l) \n + l,q> 
UL\n,q> = \/2Bn \n — l,q > 



(33) 



With the help of some commutation relationstil one can 
easily see that 

op , 1 ; tt < n 7 q\n L xUl\n,q > = < n+ l,q\x\n+ l,q > 
2B{n +1) 

1 

< n, g|nj xHL\n,q >=< n — 1, q\x\n — l,q > (34) 



2Bn 



The same relation holds for the y-coordinate. The par- 
tial isometric transformation P which is descending the 
Landau level functions is given by 



P\n, q > := \n — 1, q > 



(35) 



With the help of the ladder operators (|32j) the operator 
P is written by 

p = Jh_ + n +nl — L_(i-^' 

(2B)i {2B)i V2\ 

+n+ 2 n| - — 4 — — (l + V3 f i - V2 

L {2B)^2V3 V V 

1 



-ILflLtO 



B L 2 



(36) 



B is given by (2n<f))p where p is the density of the elec- 
trons in the second Landau level. Since one does not start 
from a Chern-Simons transformed wave function in the 
lowest Landau level in the perturbational calculation but 
from a Slater determinant of plane waves, one should also 
take into account higher order terms of P in perturbation 
theory. According to equation (^3|) these only differ from 
the first order term by a normalizing factor. Therefore 



we will fix an effective _B-ficld B Qtt in equation (37) when 
proceeding 



P« (iA/2lQn L 



(38) 



This effective field will be brought into line with prop- 
erty (|3lj|). The Chern-Simons transformed operator Pes 
of P is constructed from P in (|36|) by the substitu- 
tion A — * A + a. It is approximated through Pes ~ 
(l/y/2B g!{ ) Hl,CS with the operator Hl,cs constructed 
from Ul by the substitution A — > A + a. The v = 5/2 
Chern-Simons path integral Z£ , 2 is constructed from the 
v = 1/2 Chern-Simons path integral Z^> 2 by the substi- 



tution L 



ee.l 



-5/2 



5/2 

The function L ee l is given by 



-5/2 



d 2 rd 2 r' ai(r) V ee {\r-r'\) 



(39) 
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M E p cscl tl {r')P+ s c K ^x{r')-p B 

-K6{T,1} 



The background field pb is given by 

PB= J2 ^cs4(r)V+ s c K {f)\) . (40) 

Vcs is constructed from P in ([36]) by the substitution 
A — ► A + acs- Because of this equation the Hartree 
graphs in the 1/ = 5/2 Chern-Simons theory are can- 
celled by the couplings. Like in the v = 1/2 system 
we are able to calculate the Coulomb energy of the path 
integral Z^ 2 in RPA. Like in the case of the v = 1/2 
system we obtain /i s = with the inclusion of the spin 
constraint ([H]). We now calculate the Coulomb energy 
of the path integral (p0|), (|39|), with the approximation 
P C g k, (l/y / 2B < ,n) Hl.cs in RPA. This approximation is 
also used in ((40|). For this we define the v = 5/2 Coulomb 
potential by ^(r) = e 2 /(2B cff r). With the help of the 



expressions 



em 5/2 = 2 (2tt£)^v 6 %( 9 ) n^ Q nt 



(41) 



lir 

-{2^f-Vif 2 ( q )Ko a °Ka<« 



F r /2 = - £ 



(42) 



2(2tt) 3 



d kd qk q VgJ 2 {\k - q\) n F (k, p K ) n F (q, p K ) 



we get the RPA Coulomb energy by 



n 



5/2 



5/2 



2(2tt) 



dcj d 2 c 



1 



(l + CS s ( g , w )) 



(43) 

EM 5/2 (g,w) . 



The several response functions II in ( |4l| ) are defined in 
(Al) of the appendix. Now we have to fix the effective 
magnetic field B a[l by perturbational methods. We will 
treat at first the case of a spin polarized ground state (We 
have to insert pi — and Tl(q, lj, p = 0) = in ( f4l| ) and 
(fl2|)). For fixing B ai{ we have look for the main contri- 
butions to the momentum integrals of m (HI)- We 
will fix B o{{ so that we get for these momentums the same 
integrand as we would calculate the path integral (20), 

( |39| ) with the exact operator P ([36]) in L^J^. Numerical 
integration of the two terms in VL^ 2 ( f43| ) yields results 
for Fgy 2 which are about a factor 3 smaller compared to 
the second term. This is in contrast to the v = 1/2 sys- 
tem. When fixing l/B 2 tt in V£% there is no impact on 
the proportion of the two terms. Thus we use the second 
term in (^3|) for fixing B aff . After performing the u in- 
tegration in (E|) the q integrand of the second term has 



the largest contribution to the energy for q 0. This 
is shown in figure 0. Thus the ring momentums k ss k F 
are the most important wave vectors in the calculation 
of the response functions (Al) in order to calculate the 
ground state energy of the v — 5/2 system. This is due 
to a n F {k + q) — n F (k) term as a result of integrating 
(Al) over the ring frequencies. Thus we find the fol- 
lowing equation to get the same q ~ 0-integrand in the 
second term in ( |4 3" |) using the exact Pes ( [36] ) and its 
approximation (|38|) in the path integral 



a— A 



(44) 



2B c!{ 



{uj: \U L , CS ni fis \ut 



5= A 



2B eS 



kp 



uj: f is the one particle function = 1/yF exp[ik F r\ 
where k F is a vector of length k F — y/2mp. Furthermore, 
we have to insert the mean-field condition a — A in Pes 
of equation (jij) . By using the definitions ( [351) , ( |36| ) the 
left hand side of equation (03) is equal to 



* F \PcsP$ s \ui 



lim (u t \ PP + 



(45) 



1 



3 H =k 2 B eff /fe| 



In this equation P is calculated with the vector potential 
A = Bh/2 (—y,x). The magnetic field Bh is defined by 
B H = k 2 B eB /k 2 F . 



^ -0.2 



-0 . 4 



-0 . 6 




FIG. 1. The contribution of the scaled momentum 2q 2 /k% 
to (2_B cff ) 2 times the Coulomb energy density for the spin po- 
larized v — 5/2 system. (2_B off ) 2 times the energy density 
is shown in units of e 2 /rj where r B is the effective electron 
distance p = l/(7rr s ) 2 . 

From the equations (|44|) and (^) we obtain B att = rap,. 
In the case of a spin unpolarized ground state we get with 
the help of p = p^ = p^ the approximation B a!t = mp 
due to the validity of the equations (]44|) , j45| ) . In the case 
of p-\ ^ pi we obtain the equation (p^ + p^)/B Ba = 2 to 
get the same q ~ 0-integrand in the second term of equa- 
tion ( p3| ) using the exact Pes (|36|) and its approximation 
§|) in the path integral (p?j|), (|39|). If we compare this 
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equation for p^ = with and ( |45D we get a factor 
two difference. This is because we used for the response 
functions H(q,LJ, p = 0) = in equations (44) and (|45[) . 
This is only correct for \lu\ > (see e.g. II a o a o in (|A2|) ). 
One has to notice that H(q,uj,0) is non-zero only on a 
non-measurable subspace of the (ui, q)-integral of the sec- 
ond term of ^5/2 (§)■ Thus Tl(q,u>, 0) is not relevant for 
the energy calculation and B eff = 771/1 is a good approx- 
imation for pi + 1 0. The absolute value \H(q, u>, p)\ of 
the response functions (with any vertex functions) are 
growing functions of p for \lu\ > and zero for p = 
and \uj\ > 0. Therefore, for a determination of B eti we 
only consider that part of the q « reponse functions of 
the second term of Qf/ 2 (HI) wmcn contains the larger 
p- value pi of Hi, p±. The demand that this part of the 
q 0-integrand is identical by using in the path inte- 
gral either the exact Pes ( |36| ) or its approximation (38), 
results in B alf = mpi. Thus we get for B e{{ of the spin 
polarized as well as the spin unpolarized case the former 
values. 



In the following we calculate the compressibility, the 
effective mass and the excitations of the spin polar- 
ized v = 2 + 1/0 systems. This is done by a restric- 
tion of the path integral (p0|), ( |39| ) to one spin com- 
ponent (and inserting p s = 0). We now use standard 
techniques-! to calculate the compressibility, the effective 
mass and the excitations of the v = 2 + 1/0 systems 
in RPA. To calculate the compressibility we have to pay 
attention to the construction of the path integral of the 
v = 2 + 1/0 systems. It is then easy to see that in 
the above model of the spin polarized v = 2 + 1/0 sys- 
tems the density-density correlation function is given by 
(|p 5 / 2 (f, le)p b l {r ', l'e)\). In this expression p 5 '" 2 (r,le)) 
is given by the quantum mechanical Heissenberg opera- 
tor of the expression Pes (r)VQ S ci(r). The Fourier 
transformed density-density correlation function could 
be calculated by analytical continuation of the Fourier 
transformed sum of (\<Ji(r)ai> (r')\) and (V^)^ 1 (f — r '). 
{\ai{r)aiif')\) is the aa correlation function of the path 
integral (^) , (^) . With the help of the approximations 
(A4) we obtain_for the (retarded) density-density corre- 
lation functions of the v = 2 + 1/0 system in the range 
lu = and q « 



the system by using the compressibility sum rule 



K 5/2 



Um^ (l/p 2 )(|Tp 5 / 2 (-g, 0)p 5 / 2 (q, 0)|) ret /(l 



(\Tp^ 2 (-q,0)p 5 / 2 (q,0)\) ret 



(46) 



(2B cff ) 



'(q) ( 



± ' 12 



Here T is the time ordering operator. From ( [46| ) we 
see that lim q ^ (\Tp 5 ^ 2 (-q, 0)p 5 ^ 2 (q, 0)\) r et is zero for the 
v = 5/2 system. B y co nsidering higher order terms of the 
response functions ( |A2| ) in the momentum q and ui — we 
get for the v = 5/2 system (\Tp 5 ^ 2 (-q, 0)p 5/2 {q, 0)|) ret = 
777 2 g 2 /(3 7 r(2 J B off ) 2 (l + 2 /12)) + 0{q 4 ). With the help 
of the retarded density-density correlation function it 
is possible two calculate the compressibility K 5 ^ 2 of 



(2ir)V ee (q)(\Tp 5 / 2 (~q,0)p 5 / 2 {q,0)\) ret ). Due to this re- 
lation we obtain by the definition of B et{ that the com- 
pressibility is given by K b / 2 = 7n/(27rp 2 )(l - + 
2 /4)/(l + 2 /12). Thus we see that the systems of filling 
fraction v = 2 + 1/0 (0 7^ 2) should be compressible. Fur- 
thermore we get the same RPA compressibility as HLR 
calculated for the v — 1/2 system except for a factor 
(1 — + 2 /4). In the case of filling fraction v = 5/2 this 
is no longer valid. Due to our calculation the v = 5/2 
system is incompressible. Finally, if we take into account 
all terms of P (36) in the RPA calculation of the com- 
pressibility, we get the same expression as ( fi"6| ) for the 
v = 2 + 1/0 systems. This is due to the definition of B et( 
©■ 

Next we calculate the effective mass m* = m (1 — 
<9/(&j)£(fc F ,0))/(l + m/k F d/(dk)Z(k F ,0)) in RPA. 
Here S(fc. u>) is the self energy of the fermions of the path 
integral (go]) , ( |39| ) . Due to the same singular structure of 
the transversal (a, a) prop agat or we obtain for the 2+1/0 
system with the help of (A4) a singular effective mass 
which is different by a factor 1/(1 — + 2 /4) from the 
(diverging) effective mass of the spin polarized v = 1/2 
system calculated by HLR. The expression for the com- 
pressibility as well as the effective mass suggests that sys- 
tems of filling fraction v = 2 + 1/0 behave similar to the 
v = 1/2 system except = 2. This is in agreemenL_svith 
numerical calculations by Morf and d'Ambrumenilo. 
Like in the v = 1/2 system one can also derive the cy- 
clotron excitations for the v = 2 + 1/0 systems by a 
calculation of the density-density correlation function. In 
this calculation one has to take into account the response 
functions in the limit (A5). 



THE RESULTS OF THE ENERGY 
CALCULATION 



We have calculated the integrals in (|3l]), ([43|) using 
numerical methods. The results are shown in figure |2j. 
This figure shows the Coulomb energy as a function 
of the strength a of the Coulomb interaction function 
V ee (k) = e 2 /k a . It contains the calculation of the spin 

= 0, as well 
m = Kp/m, 



polarized system , i.e. /x-f = 2-Kp/m, pi 
as the spin unpolarized system, i.e. p^ — 
for the v = 1/2 and the v = 5/2 system. The graph 
reveals a transition from a spin singlet to a spin polar- 
ized ground state at a a; 0.9 for the v = 1/2 system. In 
the v = 5/2 system the transition is at a ~ 0.6. This 
coincides qualitatively with the numerical result of Jain 
et alo, which has be obtained by exact diagonalization 
methods on a sphere. Since Jain et al. employed the Hal- 
danes pseudo potentials Vl, where the strength of the 
Coulomb interaction is adjusted on the basis of the ratio 
of Vq to Vi we can not quantitatively compare the two 
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results^!. That is, Jain et al. modify the strength of the 
pseudo potentials with the help of a' in [a'Vx, Vi, V%, ... ]. 
For the Coulomb interacting v = 1/2 system the result 
is a' = 2.0. For the Coulomb interacting v = 5/2 system 
one gets a' = 1.45. Jain ct al. obtained a transition 
from a spin singlet to a spin polarized ground state for 
the v = 1/2 system at a' = 1.1. They obtained a good 
overlap of the ground state wave function with a spin 
polarized Chern-Simons wave function for a' > 1.1. The 
same transition was observed at a' = 1.2 for the v = 5/2 
system. Because a' is dominated by the strength of the 
interaction of neighbouring electrons, the transition at 
a < 1 showing in figure (||) agrees with the results of 
Jain et al.. But comparing the value a at the transition 
of the v = 1/2 system with the v = 5/2 system, a of 
the v = 5/2 system is probably too small. Furthermore, 
the slope of the two curves in figure ^ of spin S 2 = Max 
(S 2 = \S Z \(\S Z \ + 1) with S z = pF/2) and S 2 = of the 
v = 5/2 system differs only slightly. Thus the v = 5/2 
system compared to the v = 1/2 system can change the 
alpha- value of the transition very easily due to the higher 
orders of perturbation theory. 




0.4 0.6 0.8 1 1.2 1.4 1.6 



a 

FIG. 2. The Coulomb energy of the ground state of the 
v = 1/2 and the v = 5/2 system including the spin con- 
straints S 2 — and 5* 2 = Max. The Coulomb energy is given 
in units of e 2 /rf where r s is the effective electron distance 
p=l/(7vr s ) 2 . 

Morf shows i nS using similar numerical diagonaliza- 
tion methods like Jain et al. but considering a larger 
number of electrons that the ground state of the v = 5/2 
system is not a Chern-Simons wave function for a = 1 
(Coulomb potential). This ground state wave function 
shows a large overlap with a spin polarized incompress- 
ible paired wave function. For smaller a', respectively 
a, Morf could not identify the grottud state wave func- 
tion. Recently Rezayi and HaldaneE3 could identify this 
ground state as a compressible stripped phase by using 
similar numerical diagonalizatiao methods like Morf. For 
larger a', respectively a, Morftfl obtains for the ground 
state wave function a large overlap with a spin polar- 
ized Chern-Simons wave function. Based on this ob- 



servation he interpreted the experiments of Eisenstein 
et al£3, mentioned in the introduction, that caused on 
the tilted magnetic field the effective interaction between 
two neighbouring electrons is increased. Thus the ground 
state wave function of the system changes to a spin po- 
larized Chern-Simons wave function.—. At last we men- 
tion that Rezayi and Haldane get inc3 a transition of a 
compressible stripped phase via an incompressible paired 
quantum Hall state to a Chern-Simons ground state near 
a' = 1.45 even though they considered the pure spin po- 
larized v = 5/2 system. This shows that the transition 
is an interaction effect (not caused by the spin degree of 
freedom) . 

Comparing for a = 1 the Coulomb energies OJy 2 , Ogy 2 of 
the ground state (spin polarized) with the Coulomb eu-, 
ergies U^ 2: U^ 2 of the numerical calculation methoda 
we obtain 

ni% = -0.13 e 2 pi , Uij 2 = -0.10 e 2 pi , (47) 
Qf /2 = -0.067 e 2 pi , U^ /2 = -0.088 e 2 p? . (48) 

Figure || shows the Coulomb energy as a function 
of the variable S z /(pF) for a = 1 of the v = 1/2 
and the v = 5/2 system, p^, p± are given by pi = 
{l-2S z /{pF))/{l+2S z /{ P F))^ = n(l-2S z /(pF))p/m. 
The total spin S 2 is determined by S 2 = 1^1(1^1 + 1) 
. The figure shows that the spin polarized ground state, 
i.e. iS* 2 = Max, has a minimal Coulomb energy of all S 2 
ground states. This is in_ contradiction with recent ex- 
perimental obeservationsEJ which shows that the v = 1/2 
ground state is not fully polarized. Unfortunately these 
experiments do not show the degree of polarization of the 
ground state. 
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FIG. 3. The Coulomb energy of the v — 1/2 and the 
v = 5/2 system as a function of S z /(pF). The Coulomb en- 
ergy is given in units of e 2 /rf where r s is the effective electron 
distance p = l/(7rr s ) 2 . 







VI. CONCLUSION 



We showed that due to a wrong operator ordering in 
the path integral of the spin polarized v = 1/2 sys- 
tem of HLR we got inllj an IR divergence in the ground 
state magnetic energy. Therefore we used the well-known 
Chern-Simons partition function in an operator formu- 
lation to get a Chern-Simons path integral with a cor- 
rect operator ordering. We calculated the energy of 
this path integral in RPA to show that this path inte- 
gral has a UV infinite magnetic energy. This UV in- 
finity can be corrected by considering the complete set 
of Hartree-Fock Feynman graphs of the Chern-Simons 
Hamiltonian. When calculating the energy of the max- 
imal divergent graphs together with the Hartree-Fock 
graphs we obtained a well behaved finite magnetic en- 
ergy. The Coulomb energy is the same as ir£3. 
Next we developed a formalism to calculate the Coulomb 
ground state energy of the v = 1/2 system subjected to 
a spin S 2 constraint and calculated the Coulomb energy 
as a function of the interaction strength ~ e 2 /k a . This 
was done for a spin polarized ground state as well as 
for a spin unpolarized ground state. Furthermore, we 
formulated a Chern-Simons theory of the v = 2+1/0 
systems by transforming the interaction operator of the 
electrons from the second to the lowest Landau level get- 
ting a v = 1/0 Chern-Simons theory with a modified 
interaction operator. We used this Chern-Simons theory 
to calculate the compressibility, the effective mass and 
the excitations of the spin polarized v = 2 + 1/0 systems 
in RPA. We see from our calculations that v = 5/2 is a 
special system within all v = 2 + 1/0 systems. We get 
the same compressibility for the v = 2 + 1/0 systems as 
HLR calculated for the v = 1/2 system except for a fac- 
tor (1 - + 2 /4). Thus we get that the v = 2 + 1/0 
systems are compressible except for ^ 2. Due to our 
RPA calculation the v = 5/2 is incompressible. Next we 
calculated the effective mass of the v = 2 + 1/0 systems. 
For these systems we get a diverging effective mass like 
HLR got for the v = 1/2 system with a difference by a 
factor of 1/(1 - + 2 /4) (0 ^ 2). The effective mass 
of the v = 5/2 system is the same as HLR calculated 
for the v = 1/2 system without interaction between the 
electrons. These calculations (compressibility and effec- 
tive mass) are in agreement-with numerical calculations 
by Morf and d'AmbrumenilEj which show that systems of 
filling fraction v = 2 + 1/0 behave similar to the v = 1/2 
system except for = 2. Like in the calculation of the 
cyclotron excitations of the v — 1/2 system by HLR we 
also obtain the cyclotron excitations for the v = 2 + 1/0 
systems in RPA. 

Next we used the v = 5/2 Chern-Simons theory to calcu- 
late the Coulomb energy as a function of the interaction 
strength for the spin polarized as well as the spin unpo- 
larized ground state in RPA. We get for the v = 1/2 as 
well as the v = 5/2 system a transition from a spin unpo- 



larized ground state to a polarized ground state at a < 1. 
This agrees with calculations using numerical diagonal- 
ization techniques. Furthermore, for a = 1 we get a good 
correspondence to the energies calculated by these nu- 
merical methods. At last we calculated the ground state 
Coulomb energies for the v — 1/2 and the v = 5/2 sys- 
tem as a function of the total spin S 2 for a = 1 . We saw 
that for both systems the maximal spin polarized ground 
states is actually in the Coulomb energy minimum of all 
S 2 states which is not in agreement with recent experi- 
mental observations^. 

Summarizing, already on the level of the RPA, we can 
see spin effects for both the v = 1 /2 and the v = 5/2 sys- 
tems which agree with numerical simulations. As men- 
tioned earlier it is supposed that the Coulomb v = 5/2 
Chern-Simons ground state wave function (a = 1) is of a 
Pfafnan type. Thus the goal still is to develop a theory 
of the Coulomb interacting v = 5/2 system which has a 
mean-field ground state of the paired wave type. 
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Graduiertenkolleg " Quantenfeldtheorie" . 



APPENDIX A: THE RESPONSE FUNCTIONS 
FOR THE v = 1/2 AND THE v = 5/2 SYSTEM 

In this section we calculate the response functions for 
the v = 1/2 and the v = 5/2 system. These response 
functions were used in the energy formulas (||), |5l]), (|43|). 
These response functions are defined by 

Haa{q, (Al) 
' r dQ d 2 k (k + q) 2 k 2 G(k + q,n + u) G(k, Q) , 



(2tt) 3 

n CTa o(<7,w,^) = n a o a (q,uj,fi) 



dQ d 2 k (k 2 + k-q)G(k + q,n + lo) G(k, Q) 



(2tt) 3 

n o . a (q,cj,/i) = -Tl aa (q,LJ,Li) 
<■ (kx q) 2 



(2tt) 3 

Il a a a a(q,UJ,n) 

1 



dfl d 2 k 



mq 



G{k + q,Q + uj)G(k, Q) 



(2tt) 3 

n a a(<7,w,^) 



dfl d 2 k G(k + q,fl + u;) G(k, fl) , 



(2nY 



dn d 2 k 



(k x q) 1 

2 2 

m z q z 



G(k + q, n + lo) G{k, ft) 



G is the Green's function G(q,u>) = — l/(i ui — q 2 /(2m) + 
fi). After performing the integrals in (Al) one gets with 

2 

the help of the substitution u = tt— 

1 2m 
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E 



<xe{-i,i} 



+ 30^ (M + ZCTW)5 (A2) 



15u 3 



y(u + iauu) 2 — Aujj, 



x (2(u + iauif + A{u + iauj) 2 u[i + 12 u 2 fi 2 ) 

r (iCTLu) 



in 



E 



<7e{-i,i} 



3u 2 



(u + iaui) £ 



-y(u-\- iauj) 2 — iufi ((u + ico;) 2 + 2ufi) > — 4/i 



n ffa o(g,^,M) = }^ 

ae{-l,l} 



+— 2 VV" + * crw ) 2 — ((u + ioxj) 2 + 2u/x) 



4tt 



E 



(u + iaui) 



x ( (it + iauj) — \/ (u + icrw) 2 — — 2/i 



Il^g, u>,\i) = -im* V2u IL aa (q, ui, fi) 

i r i 

n oa (g,w,Ai) = — 2^ 



o-6{-l,l} 



12u 2 



(it + iaui)" 



(iu + iaui) 2 — iufij 



n a o a o(q,cj,^) = ^ E 
IIo-o- and n CTa o are given by 



TT — IT 1 4- Tr 



1 / 2 1 

— ^{u + iau) -iufj.- - 



u aa0 = + n 



2 

o-a 



(A3) 



For calculating the compressibility, the effective mass 
and the excitations we have to continue analytically the 
response functions II to imaginary frequencies!! In the 

2 

range u) <§; w— and q <C kp we get 

. 4m 3 n 2 . 2m 2 /i 

n CTCT (q, -iu),p) = , U aa o{q,-tU),fi) = 



Tl a a{q,~iuJ,fi) = iq 
Uaa(q,-iu,n) = 



2tt 
m /x 

~2^' 



2tt ' 

n a o a o(<j, = - — , 



— — i\/2mn . 

247rm 2?r v 2?rq 



2tt 



(A4) 



By multiplying every value in (A4) by uj/(qkp), one can 
calculate the asymptotic of the next term in the expan- 
sion of the response functions. Comuaring II aa in (A4) 
with the corresponding term of HLRa, the result differs 
by a factor two in the first term of II Qa . This difference 
is also observed in the ease of the v = 1/2 Chern-Simons 
system with impurities 3 ^. 



Furthermore, we need the analytical continued response 

2 

functions in the range #- <C to and q <C kp for a cal- 
culation of the cyclotron excitations . In this range we 
get 

Tl aa {q, -iui,fx) = O (—\u aa o(q,-iuj,fi) = O (— V 
\mid ) \mu J 

n CTO (g,-wj,/x) = o ( — ) , n a o a o(g,-itj,/i) = - — -, 

\ mui J zir uj z 



U aa (q,-iu,fi) + 7T = 7T 

Z7T Z7T 



(A5) 
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